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We examine the possibility of spontaneous vectorization in the vector-tensor theories with the
vector conformal and disformal couplings to matter. We study the static and spherically symmetric
solutions of the relativistic stars with the nontrivial profile of the vector field satisfying the boundary
conditions Aµ → 0 at the spatial infinity, where Aµ represents the vector field. First, we study the
linear perturbations about the general relativistic (GR) stellar solutions with the vanishing vector
field Aµ = 0. We show that the pure vector disformal coupling causes the ghost or gradient instability
of the GR stars, indicating the breakdown of the hyperbolicity on the GR stellar backgrounds. On
the other hand, the pure conformal coupling causes the tachyonic instability of the GR solutions
and would lead to the spontanenous growth of the vector field toward the nontrivial solutions as in
the manner of spontaneous scalarization in the scalar-tensor theories. We then construct the static
and spherically symmetric solutions of the relativistic stars with 0 and 1 nodes of the vector field in
the presence of the pure disformal coupling. We find that the properties of the solutions with the
nontrivial vector field are similar to those of the generalized Proca theories. As in the mass-radius
diagram the branches of the 0 and 1 node solutions are disconnected to that of the GR solutions in
the lower density regimes, they may be formed from the selected choice of the initial conditions. We
also construct the 0 node solutions in the case of the pure conformal coupling, and show that the
branch of these solutions is connected to that of the GR solutions in both the low and high density
regions and hence would arise spontaneously via the continuous evolution from the GR solutions.
Finally, we briefly discuss the combined effects of the conformal and disformal couplings on the
nontrivial solutions.
I. INTRODUCTION
It is well-known that general relativity (GR) has passed
all experimental tests from the Solar System to the
strong-field and low-velocity regime of binary pulsars [1].
With the dawn of gravitational-wave astronomy, a new
frontier for testing GR in strong-field and high-velocity
regimes has opened [2–4]. Some of the scalar-tensor the-
ories of gravitation not only pass the Solar System tests,
but also allow for large deviations from GR in the rela-
tivistic star interiors such as neutron stars, through the
process called spontaneous scalarization [5]. Spontaneous
scalarization would be triggered by the tachyonic growth
of the scalar field inside the relativistic stars. In the
simplest case where the metrics in the Jordan and Ein-
stein frames are related by the conformal transforma-
tion, g˜µν = A(φ)
2gµν , the GR solution with the vanishing
scalar field φ = 0 suffers from the tachyonic instability
if (lnA),φφ < 0, leading to the relativistic stars with the
nontrivial profile of the scalar field φ = φ(xµ) [6–13]. For
the exponential coupling A(φ) = exp(γαφ
2/2), sponta-
neous scalarization of the static and spherically symmet-
ric stars happens for γα . −4.35 [7, 8], depending weakly
on the equation of state and fluid properties [9, 13].
An interesting question is whether phenomena similar
to spontaneous scalarization can be induced by another
field, for instance, the vector field. The possibility of
spontaneous vectorization triggered by the tachyonic in-
stability of the vector field Aµ has been recently studied
in Refs. [14–18]. The authors of Ref. [16] have studied
the model of the vector-tensor theory with the nonmin-
imal couplings to the Ricci tensor βRµνAµAν (as well
as γRAµAµ), and found that below the threshould cou-
plings β = O(−1.0) the GR solutions with the vanishing
vector field Aµ = 0 suffer from the tachyonic instabil-
ity. They have also constructed the static and spheri-
cally symmetric solutions with the nontrivial vector field
profile with 0 nodes for β = O(−0.1), which would be
formed from the selected choice of the initial conditions,
rather than from the tachyonic instability of the GR so-
lutions. A similar model in the context of the generalized
Proca theories [19, 20] with the nonminimal coupling to
the Einstein tensor GµνAµAν , which is free from the Os-
trogradsky instability, has been studied in Ref. [18]. The
0 node solutions have been shown to exhibit the similar
behavior to those in the above model, and the 1 node
solutions have also been studied. While the coupling pa-
rameter for the existence of the 1 node solutions is con-
sistent with the instability of the GR solutions, in the
mass-radius diagram the branch of the nontrivial vec-
tor field solutions is not smoothly connected to that of
the GR solutions with the vanishing vector field. Thus,
it may be formed from the selected choice of the initial
conditions as the 0 node solutions. These properties of
the relativistic stars were much different from those of
spontaneous scalarization.
While these studies have analyzed the possibility of
spontaneous vectorization from the viewpoint of the Jor-
dan frame where the nonminimal coupling of the vec-
tor field to the spacetime curvature is present, the other
approach is to take the viewpoint of the Einstein frame
where the nonminimal coupling of the vector field to mat-
ter is present. Ref. [14] has shown that the conformal
2coupling to the vector field g˜µν = C(X)gµν , where
X := gµνAµAν , (1)
is the norm of the vector field Aµ and C(X) is the regu-
lar function of X , could trigger the tachyonic instability
of the vector field, and the explicit stellar solutions with
the nontrivial profile of the vector field have been con-
structed for the coupling C(X) = eβX (β < 0) and the
nonzero mass of the vector field. More recently, Ref. [17]
has also suggested that the vector disformal coupling [21],
g˜µν = gµν +B(X)AµAν , where B(X) is also the regular
function of X , could also trigger the tachyonic instability
of the vector field in the relativistic stars. We note that
the Jordan frame formulation of the case of the pure con-
formal coupling was recently presented in Ref. [22]. We
also note that in the context different from spontaneous
vectorization hairy relativistic star solutions in general-
ized vector-tensor theories have been recently studied in
Refs. [23, 24].
The purpose of the paper is to present the more quan-
titative study of the relativistic stars with the nontriv-
ial profile of the vector field in the presence of confor-
mal and disformal couplings to matter, and to address
whether the solutions satisfying the boundary conditions
Aµ = 0 at the spatial infinity can be the vectorized solu-
tions of the relativistic stars. In this paper, we consider
the vector-tensor theory with the direct coupling of the
vector field and matter, whose action is given by
S =
1
2κ2
∫
d4x
√−g
[
R− 1
4
FµνFµν − 1
2
m2AµAµ
]
+
∫
d4x
√
−g˜Lm(g˜µν ,Ψ) =: Sg + Sm, (2)
where κ2 = 8πG/c4 with G being the gravitational con-
stant and c being the speed of light, gµν is the metric in
the Einstein frame, R is the scalar curvature associated
with gµν , Aµ is the vector field, Fµν := ∂µAν − ∂νAµ is
the field strength, and m2 is the bare mass squared of
the vector field. We assume that the metric in the Jor-
dan frame denoted by g˜µν is related to the Einstein frame
one gµν by the combination of conformal and disformal
couplings
g˜µν = C(X) (gµν +B(X)AµAν) . (3)
The gravitational part of the action Sg in Eq. (2) written
in terms of the Jordan frame metric g˜µν belongs to a class
of the beyond-generalized Proca theories [21, 25, 26]. In
this paper, we will work in the units where the speed
of light to be unity c = 1, unless it should be shown
explicitly.
For the analysis of the solutions of the relativistic stars,
we will employ only the polytrope equation of state [5, 27]
(See Eqs. (51) and (54)). Since this equation of state
would be less realistic, we will not make any compari-
son with the observational data associated with the mass
and radius of the neutron stars, and focus on the phys-
ical properties of the solutions. In Ref [18], it has also
been shown that the qualitative features of the relativis-
tic stars in the generalized Proca theories do not depend
on the choice of the equations of state. We expect that in
our model the properties of the star are also less sensitive
to the choice of the equation of state.
The organization of the paper is as follows: In Sec. II,
we will derive the set of the covariant equations of motion
by varyng the action (2) and analyze the stability of the
GR solutions. In Sec. III, we will apply the above formu-
lation to the static and spherically symmetric spacetme,
reduce the set of the equations of motion to the modified
Tolman-Oppenheimer-Volkov system, and derive the in-
terior and exterior solutions of the star. In Sec. IV, we
will analyze the properties of the test vector field on top
of the constant density star, and estimate the typical val-
ues of the conformal and disformal couplings to enhance
the vector field at the center of the star. In Sec. V, we will
explicitly construct solutions of the relativistic star with
the nontrivial vector field profile in the simplest model of
the pure disformal coupling and discuss their properies.
In Sec. VI, we will analyze the simplest model with the
pure conformal coupling. In Sec. VII, we will briefly dis-
cuss the combined effects of the conformal and disformal
couplings on the nontrivial solutions. The last Sec. VIII
will be devoted to a brief summary and conclusion.
II. THE VECTOR-TENSOR THEORIES AND
THE GR SOLUTIONS
In this section, we derive the covariant equations of mo-
tion by varying the action (2) with respect to the Einstein
frame metric gµν and the vector field Aµ.
A. The covariant equations of motion
Varying the action (2) with Eq. (3) with respect to the
vector field Aν , we obtain the equation of motion for the
vector field
∇µFµν −m2Aν = −2κ2
√
1 +BXC3
[
BT˜ νρAρ
+
(
BX T˜
ρσAρAσ +
CX
C2
T˜
)
Aν
]
, (4)
where Aµ := gµνAν , and we have defined the energy-
momentum tensor of matter in the Jordan frame
T˜αβ =
2√−g˜
δ(
√−g˜Lm)
δg˜αβ
, (5)
with the inverse and determinant of the metric tensor
in the Jordan frame Eq. (3), respectively, given by Eq.
(A1). On the other hand, varying the action (2) with
respect to the Einstein frame metric gµν , we obtain the
gravitational equations of motion in the Einstein frame
Gµν = κ2
(
T (A)µν + T µν
)
, (6)
3where we have defined the energy-momentum tensor of
the vector field and matter in the Einstein frame, respec-
tively by
κ2T µν(A) =
1
2
(
FµαF να − 1
4
gµνF ρσFρσ
)
+
m2
2
(
AµAν − 1
2
gµνX
)
, (7)
and
T µν =
2√−g
δ(
√−g˜Lm)
δgµν
=
√
g˜
g
∂g˜αβ
∂gµν
[
2√−g˜
δ(
√−g˜Lm)
δg˜αβ
]
=
√
1 +BXC3
×
[
T˜ µν +AµAν
(
BX T˜
ρσAρAσ +
CX
C2
T˜
)]
, (8)
with T˜ := g˜αβ T˜
αβ, BX := ∂XB, and CX := ∂XC. Act-
ing ∇ν on Eq. (6), with the use of the contracted Bianchi
identity ∇µGµν = 0, we find
∇µT µν(A) = −∇µT µν . (9)
which after some algebra leads to
∇αT˜αν = −
∇α
(√
1 +BXC2
)
√
1 + BXC2
T˜αν + C
[
BT˜αρAρ +
(
BX T˜
ρσAρAσ +
CX
C2
T˜
)
Aα
]
∇νAα
− 2√
1 +BXC2
∇α
[√
1 +BXC3
(
BX T˜
ρσAρAσ +
CX
C2
T˜
)
AαAν
]
. (10)
B. The GR solutions and their stability
The metric gµν satisfying the Einstein equations in GR
Gµν = κ
2Tµν , (11)
and the vanishing vector field Aµ = 0 (and hence X = 0)
are the solution of the theory (2) with Eq. (3) for the
coupling functions B(X) and C(X) are regular at X = 0
and C(0) = 1, which can be written in terms of the Taylor
series with respect to X = 0,
C(X) = 1 + C1X +
1
2
C2X
2 +
∑
n=3
1
n!
CnX
n, (12)
B(X) = B0 +B1X +
1
2
B2X
2 +
∑
n=3
1
n!
BnX
n, (13)
where Cn (n = 1, 2, 3, · · · ) and Bn (n = 0, 1, 2, · · · ) are
constants. For the couplings (12) and (13) regular at
X = 0, substituting Aµ = 0 into Eqs. (3), (7), and (8),
we find that
g˜µν = gµν , Tµν = T˜µν , T
(A)
µν = 0, (14)
Eq. (6) reduces to the ordinary Einstein equation (11)
and Eq. (4) is trivially satisfied. This is the GR solution.
We then consider the small perturbations about the
GR solutions with Aµ = 0. At the level of the linear per-
turbations, the equations for the metric and vector field
perturbations are decoupled. Thus, the metric perturba-
tion δgµν obeys the the perturbed Einstein equation in
GR,
δGµν = κ
2δTµν , (15)
where δGµν and δTµν are the perturbed Einstein and
energy-momentum tensor of matter, respectively. From
Eq. (4), the vector field perturbation δAµ satisfies
∇µδFµν −m2δAν + 2κ2 [B0T νρδAρ + C1TδAν] = 0,
(16)
where δFµν := ∂µδAν − ∂νδAµ is the perturbed field
strength.
We assume the perfect fluid form of the matter energy-
momentum tensor Tµν = (ρ+ p)uµuν + pgµν , where uµ
is the four-velocity satisfying gµνuµuν = −1. We also as-
sume a general static and spherically symmetric solution
whose metric is given by
ds2 = gµνdx
µdxν = −eν(r)dt2 + eλ(r)dr2 + r2γabdxadxb,
(17)
where ν and λ are functions of r, γab is the metric of the
unit two-sphere, and the indices a, b, · · · run the direc-
tions of the two-sphere. In the static and spherically sym-
metric spacetime Eq. (17), only the t- and r-components
of the vector field can have nonzero values
Aµdx
µ = At(r)dt +Ar(r)dr, (18)
with X = −e−νA2t + e−λA2r .
We focus on the radial perturbations where the vector
field perturbation is explicitly given by
δAµdx
µ = δAt(t, r)dt + δAr(t, r)dr. (19)
We note that for the nonradial perturbations with the
multipole indices ℓ, because of the centrifugal term pro-
portial to ℓ(ℓ + 1), the effective potential is always en-
hanced, and hence to discuss the stability of the GR so-
lutions it is sufficient to discuss the radial perturbations.
4In the static GR background (17) with At = Ar = 0 and
uµ ∝ δµt , at the level of the linearized perturbations we
obtain
∂r(δFrt) +
(
2
r
− ν
′
2
− λ
′
2
)
δFrt −DteλδAt = 0, (20)
∂t(δFrt)−DreνδAr = 0, (21)
where the prime denotes the derivative with respect to r,
δFrt = ∂rδAt − ∂tδAr, and we have defined
Dt := m2 + 2κ2 [B0ρ+ C1 (ρ− 3p)] , (22)
Dr := m2 + 2κ2 [−B0p+ C1(ρ− 3p)] . (23)
Combining Eqs. (20) and (21), we obtain the master
equation for the vector field perturbation about the At =
Ar = 0 background
∂r
[
e−λ
Dt
(
∂r(δFrt) +
(
2
r
− ν
′
2
− λ
′
2
)
δFrt
)]
− e
−ν
Dr ∂
2
t (δFrt)− δFrt = 0. (24)
In the case of the pure vector conformal coupling B0 = 0
and C1 6= 0, Dr = Dr = m2 + 2κ2C1(ρ − 3p) and for
ρ− 3p > 0 the tachyonic instability would take place for
C1 < 0 even for m ≥ 0. The tachyonic instability sug-
gests that the GR solution would spontaneously evolve
to the nontrivial solution with the nonzero value of the
vector field, which would be energetically more stable.
In Sec. VII, we will construct the nontrivial solutions for
the massless case m = 0 as the possible consequence of
the tachyonic instability.
On the other hand, in the case of the pure vector disfor-
mal coupling B0 6= 0 and C1 = 0, Dt = m2+2κ2B0ρ and
Dr = m2−2κ2B0p, and hence especially for the massless
case m = 0, we have DtDr ∝ −B20ρp < 0, irrespective of
the sign of B0. This suggests that the GR solution would
suffer from the ghost or gradient instability, rather than
the tachyonic instability. This instability would be re-
lated to the breakdown of the hyperbolicity on the GR
stellar backgrounds, rather than the mere energetic in-
stability. Thus, the pure disformal coupling would not
cause spontaneous vectorization as in the way analogous
to spontaneous scalarization. The result is rather differ-
ent from the expectation in Ref. [17] that the disformal
coupling to the matter would also cause the tachyonic in-
stability on the GR stellar background. Nevertheless, in
Sec. VI, we will explicitly construct the solutions of the
relativistic stars with the nontrivial profile of the vector
field, as they may be formed via the initial conditions
different from the GR solutions with Aµ = 0. We will
explicitly confirm that in the mass-radius diagram the
branches of the nontrivial solutions are disconnected to
that of the GR solutions.
III. STATIC AND SPHERICALLY SYMMETRIC
SPACETIME
In this section, we focus on the static and spherically
symmetric spacetime (17) and (18), and derive the equa-
tions to analyze the hydrostatic structure of the relativis-
tic stars, i.e., the modified Tolman-Oppenheimer-Volkoff
equations.
A. The modified Tolman-Oppenheimer-Volkoff
equations
We assume that the nonzero components in the Jordan
frame (3) are given by the perfect fluid form
T˜ tt = −ρ˜, T˜ rr = p˜r, T˜ ab = p˜tδab. (25)
Correspondingly, the nonzero components of the energy-
momentum tensor of matter in the Einstein frame are
given by Eq. (A3).
The r-component of the vector field equation (4) is
given by
Ar
{
−m2 + 2κ
2C2√
1 +BX
[
Bp˜r +BX
(
e−ν ρ˜A2t + e
−λp˜rA
2
r
)
+
CX
C
(1 +BX) (−ρ˜+ p˜r + 2p˜t)
]}
= 0, (26)
which allows the two branches, Ar = 0 or the combina-
tion inside the round bracket vanishes. Here, we choose
the former branch Ar = 0, and then the Jordan frame
metric Eq. (A2) reduces to the diagonal form and the
energy-momentum tensor of matter in the Einstein frame
also has the perfect fluid form whose components are
given by Eq. (A4).
The t-component of the vector field equation of motion
(4) is given by
5A′′t +
(
2
r
− ν
′
2
− λ
′
2
)
A′t − eλAt
{
m2 +
2κ2C2√
1 +BX
[
ρ˜(B +BXX)− CX
C
(1 +BX) (−ρ˜+ p˜r + 2p˜t)
]}
= 0. (27)
On the other hand, the (t, t)-, (r, r)-, and (a, b)- components of the gravitational equations of motion (6) are respectively
given by
1
r2
[
1− e−λ(1− rλ′)] = 1
4
e−λ−νA′2t −
m2
4
X +
κ2C2√
1 +BX
{
ρ˜
(
1 +BXX
2
)− CXX
C
(1 +BX) (−ρ˜+ p˜r + 2p˜t)
}
,(28)
1
r2
[
1− e−λ(1 + rν′)] = 1
4
e−λ−νA′2t +
m2
4
X − κ2C2
√
1 +BXp˜r, (29)
e−λ
2
[
ν′′ +
(
1
r
+
ν′
2
)
(ν′ − λ′)
]
=
1
4
e−λ−νA′2t −
m2
4
X + κ2C2
√
1 +BXp˜t. (30)
Finally, the nontrivial r-component of Eq. (10) is given by
p˜′r +
1
2(1 +BX)
[
p˜r + ρ˜+BXX
2(−p˜r + ρ˜)− CXX
C
(1 +BX) (5p˜r + 2p˜t − ρ˜)
]
ν′
− e−ν/2
√−X
1 +BX
[
(p˜r + ρ˜)(B +BXX) + (1 +BX)(3p˜r − 2p˜t + ρ˜)CX
C
]
A′t +
2
r
(p˜r − p˜t) = 0. (31)
Eliminating λ with the mass function µ defined by
e−λ = 1− 2µ(r)
r
, (32)
Eqs. (28) and (29) can be rewritten as
µ′ =
r2
8
(
1− 2µ
r
)
e−νA′2t −
m2r2
8
X
+
κ2C2r2
2
√
1 +BX
{
ρ˜
(
1 +BXX
2
)
−CXX
C
(1 +BX) (−ρ˜+ p˜r + 2p˜t)
}
, (33)
ν′ =
r2
r − 2µ
[
2µ
r3
− m
2
4
X + κ2C2
√
1 +BXp˜r
]
− r
4
e−νA′2t . (34)
Eq. (31) is rewritten as
p˜′r = −
p˜r + ρ˜+BXX
2(−p˜r + ρ˜)− CXXC (1 +BX) (5p˜r + 2p˜t − ρ˜)
2(1 +BX)
{[
2µ
r3
− m
2
4
X + κ2C2
√
1 +BXp˜r
]
− r
4
e−νA′2t
}
+ e−ν/2
√−X
1 +BX
[
(p˜r + ρ˜)(B +BXX) + (1 +BX)(3p˜r − 2p˜t + ρ˜)CX
C
]
A′t −
2
r
(p˜r − p˜t) . (35)
Similarly, eliminating λ, Eq. (27) reduces to
A′′t +
{
2
r
− 1
2
ν′ +
1
r(r − 2µ) (µ− rµ
′)
}
A′t
− r
r − 2µAt
{
m2 +
2κ2C2√
1 + BX
[
ρ˜(B +BXX)− CX
C
(1 +BX) (−ρ˜+ p˜r + 2p˜t)
]}
= 0, (36)
with the substitution of Eqs. (33) and (34).
We focus on matter with the isotropic pressure
p˜ := p˜r = p˜t, (37)
and then all the unknown are the five variables ν, λ, ρ˜,
p˜, and At, while we have the four independent equations
Eqs. (33), (34), (35), and (36). The system of the equa-
tions is closed once the equation of state
ρ˜ = ρ˜(p˜), (38)
is specified. We note that Eq. (30) is not independent of
the other equations.
6B. The interior solution
The interior solution is obtained by intergrating Eqs.
(33), (34), (35), and (36) with a given equation of state
(38) from the center of the star r = 0 to the surface of the
star r = R whose position is determined by the condition
(See Eq. (A4))
p(R) = p˜(R) = 0. (39)
The interior solution in the vicinity of the center is given
by
µ(i) = µ3r
3 +O(r5),
ν(i) = ν0 + ν2r
2 +O(r4),
At(i) = AC + a2r
2 +O(r4),
p˜ = p˜0 + p˜2r
2 +O(r4), (40)
where the coefficients µ3, ν2, a2, and p˜2 are given in Eq.
(A5), with X0 := A
2
Ce
ν0/2, B = B(X0), BX = BX(X0),
C = C(X0), and CX = CX(X0) in these relations. With-
out loss of generality, we set ν0 = 0, so that the time co-
ordinate t corresponds to the proper time at the center of
the star. From Eq. (A5), the case of m = 0, C(X) = 1,
and B(X) = 0 recovers the stellar solution in GR
µ3 =
κ2
6
ρ˜0, ν2 =
κ2
6
(ρ˜0 + 3p˜0) ,
p˜2 = −ν2
2
(ρ˜0 + p˜0). (41)
From Eq. (A2) with Ar = 0, we find the relation of the
mass functions and and radial coordinates of the Jordan
and Einstein frames, where g˜rr = 1/(1−2µ˜/r˜), and g˜ab =
r˜2γab respectively given by
r˜ =
√
C(X)r, (42)
µ˜ =
√
C(X)r
2
[
1−
(
1 +
rCXX
2C
)2(
1− 2µ
r
)]
.(43)
Thus, the radius of the star in both the frames is related
by
R˜ =
√
C(X)|r=RR. (44)
We assume that as r → ∞, X → 0, C(X) → 1, and
CX is regular, and then the masses in both the frames
coincide
M˜ =M. (45)
C. The external solution and the matching at the
surface of the star
From now on, we set m = 0. The external solution is
then given by the Reissner-Nordstro¨m solution
e−λ(o) = 1− 2GM
r
+
G2Q2
4r2
,
eν(o) = q2∞
(
1− 2GM
r
+
G2Q2
4r2
)
,
A(o)t = q∞
(
P +
GQ
r
)
, (46)
where M , P , Q, and q∞ are integration constants. The
external solution is matched to the internal one at the
surface of the star r = R determined by Eq. (39). Im-
posing the continuity of ν, ν′, At and A
′
t at r = R,
ν(o)(R) = ν(i)(R), ν′(o)(R) = ν′(i)(R),
At(o)(R) = At(i)(R), A′t(o)(R) = A′t(i)(R), (47)
we obtain
P =
At(i)(R) +RA′t(i)(R)√
1
4R2A′t(i)(R)2 + eν(i)(R)
(
1 +Rν′(i)(R)
) ,
M =
1
G
R2
(
RA′t(i)(R)2 + 2eν(i)(R)ν′(i)(R)
)
R2A′t(i)(R)2 + 4eν(i)(R)
(
1 +Rν′(i)(R)
) ,
Q = − 1
G
R2A′t(i)(R)√
1
4R2A′t(i)(R)2 + eν(i)(R)
(
1 +Rν′(i)(R)
) ,
q∞ =
√
1
4
R2A′t(i)(R)2 + eν(i)(R)
(
1 +Rν′(i)(R)
)
. (48)
M and Q correspond to the mass and vector field charge
of the star. Since the gauge invariance is broken because
of the vector field coupling to matter, P is also a phys-
ical quantiity. The proper time measured at the spatial
infinity is given by dt∞ = q∞dt. The redshift factor for
photons radially travelling from the center of the star to
the spatial infinity is given by
z0 :=
ω0
ω∞
− 1 = q∞ − 1, (49)
where ω0 and ω∞ are the frequencies measured at the
center of the star and at the spatial infinity, respectively.
Similarly, the redshift between the surface of the star and
the spatial infinity is given by
zR : =
ωR
ω∞
− 1 = q∞e−ν(i)(R)/2 − 1
=
√
1 +Rν′(i)(R) +
R2
4
A′t(i)(R)2e−ν(i)(R) − 1,(50)
where ωR represents the frequency measured at the sur-
face of the star.
D. The polytrope equation of state
For the numerical analyses in Secs. V, VI, and VII, we
employ the polytrope equation of state
p˜ = KρΓ0 , (51)
7where ρ0 = mbn is the rest mass density with mb and
n being the baryonic mass and the number density, re-
spectively, and Γ and K are constants. The mean bary-
onic mass is identified with the neutron mass mb =
1.6749× 10−24g.
The total energy density is given by ρ˜ = ρ0(1 + ǫ),
where ǫ is the dimensionless internal energy per unit
mass. For adiabatic nuclear matter, the first law of ther-
modynamics reduces to dρ˜ = (ρ˜ + p˜)dn/n. With dρ˜ =
mb(1 + ǫ)dn+mbndǫ and (ρ˜+ p˜)dn/n = mb(1 + n)dn+
p˜dn/n, the first law leads to p˜ = mbn
2∂ǫ/∂n, which with
Eq. (51) can be integrated as ǫ = KρΓ−10 /(Γ− 1). Thus,
the relation between the total energy density and pres-
sure in the Jordan frame is given by
ρ˜ = ρ0 +
KρΓ0
Γ− 1 =
(
p˜
K
) 1
Γ
+
p˜
Γ− 1 . (52)
Defining the dimensionless number density by χ =
ρ0/ρ¯0 = n/n¯, with ρ¯0 = mbn¯ and n¯ = 0.1(fm)
−3 be-
ing the mean number density of the baryonic particles,
the total energy density and pressure can be written as
ρ˜ = ρ¯0
(
χ+
K
Γ− 1χ
Γ
)
, p˜ = Kρ¯0χ
Γ, (53)
where K := K/(ρ¯0)1−Γ. Eq. (52) can be rewritten in
terms of K
ρ˜ = ρ¯0
(
p˜
Kρ¯0
) 1
Γ
+
p˜
Γ− 1 . (54)
For our numerical analyses, we will choose the parame-
ters
K = 0.013, Γ = 2.34. (55)
We also parametrize the pressure at the center of the star
(r = 0) as
p˜C := p˜(0) = j × 1014[g · cm−3]× c2
= 9.0× j × 1035[dyne · cm−2], (56)
where j represents a constant parameter. Correspond-
ingly, from Eq. (54) then the energy density at the center
of the star is given by
ρ˜C := ρ˜(0) = ρ¯0
(
p˜C
Kρ¯0
) 1
Γ
+
p˜C
Γ− 1 . (57)
IV. THE TEST VECTOR FIELD SOLUTIONS IN
THE WEAK GRAVITY REGIMES
Before going to the numerical studies with the poly-
trope equation of state (51) and (54) in the next sec-
tions, we estimate the critical vector field couplings that
enhance the amplitude and charge of the test vector field
on top of the constant density star in GR.
For any regular coupling (12), the GR stellar solution
with At = Ar = 0 exists in the vector-tensor theory (2)
with Eq. (3). Since there is no distinction between the
Jorndan and Einstein frames, ρ = ρ˜, and p = p˜. We
consider an incompressible fluid, ρ˜ = ρ0 = const, where
the interior metric and pressure (r < R) are given by
eλ(r) =
(
1− 2GM0r
2
R3
)−1
,
eν(r) =
[
3
2
(
1− 2GM0R
)1/2
− 1
2
(
1− 2GM0r
2
R3
)1/2]2
,
p˜(r) = ρ0
(
1− 2GM0r2
R3
)1/2
− (1− 2GM0
R
)1/2
3
(
1− 2GM0
R
)1/2 − (1− 2GM0r2
R3
)1/2 , (58)
where at the surface of the star r = R, p˜(R) = 0, and
M0 and C are the total mass and compactness
M0 =
4πR3
3
ρC , C = GM0R . (59)
The exterior solution (r > R) is given by the
Schwarzschild metric
eλ(r) = e−ν(r) =
(
1− 2GM0
r
)−1
. (60)
On top of the constant density star, the test vector field
obeys the equation
A′′t +
(
2
r
− ν
′
2
− λ
′
2
)
A′t
+ eλ2κ2 [B0ρ˜+ C1 (ρ˜− 3p˜)]At = 0. (61)
Thus, in the weak gravity regime C ≪ 1, the approxi-
mated interior solution (0 < r < R) is given by
At(0 < r < R) ≈ AC sin(
√
−2(B0 + C1)ρCκr)√
−2(B0 + C1)ρCκr
, (62)
where we have chosen the regularity boundary conditions
at the center of the star r = 0, for which the solution
decreases. We assume that
B0 + C1 < 0. (63)
We note that for B0 + C1 > 0, the interior so-
lution regular at the center of the star grows as
sinh(
√
2(B0 + C1)ρCκr)/r, which is unphysical and ex-
cludes this possibility in the rest.
The exterior solution (r > R) is given by
At(r > R) = P + GQ
r
. (64)
The matching of Eqs. (62) and (64) at the surface of the
star r = R provides
AC
P
≃ 1
cos(
√
−2(B0 + C1)ρCκR)
,
GQ
R ≃ P
[
−1 + tan(
√
−2(B0 + C1)ρCκR)√
−2(B0 + C1)ρCκR
]
. (65)
8As
√
−2(B0 + C1)ρCκR =
√
−12(B0 + C1)C, Q and AC
are enhanced for the case
− (B0 + C1) ≈ π
2
48C (1 + 2n)
2, (66)
where n = 0, 1, 2, · · · denotes the number of nodes of
the vector field inside the star. The estimation above is
analogous to the case of spontaneous scalarization [7].
Here, we focus on the fundamental 0 node solutions
n = 0. Extrapolating to the relatively high compact star
C = O(0.1), the value of the coupling for which the vector
field is amplified is given by −(B0+C1) = O(1.0). If the
above static solution becomes the weak field approxima-
tion for the fully vectorized relativistic stars, it implies
that the full vectorized solution would exist for (−B0) or
(−C1) to be of O(1.0).
V. THE CASE OF THE PURE DISFORMAL
COUPLING
In this section, we consider the simplest model with
the pure disformal coupling given by
C(X) = 1, B(X) = B0, (67)
where B0 is the constant. From Eqs. (44) and (45), we
obtain
R˜ = R, M˜ =M. (68)
As argued in Sec. II B, the pure disformal coupling in-
duces the ghost or gradient instability of the GR solu-
tions, rather than the tachyonic instability. Thus, the
hyperbolicity of the perturbations is broken on the GR
stellar background and hence spontaneous vectorization
analogous to spontaneous scalarization would not take
place. Nevertheless, we will study the nontrivial solutions
satisfying the boundary condition P = 0, as they may be
formed from another choice of the initial conditions. As
we will see below, the properties of the solutions are sim-
ilar to those obtained in the generalized Proca theories
[18].
A. The 0 node solutions
First, we focus on the 0 node solutions, where the tem-
poral component of the vector field At never crosses 0
both the interior and exterior of the star. In Fig. 1,
the typical behavior for the 0 node solutions is shown for
B0 = −0.5. In both the panels, the solid and dashed
curves correspond to the cases of j = 1.0 and j = 2.0,
respectively. In the top panel, the red and blue curves
represent the energy density ρ˜c2 and pressure p˜ inside the
star, respectively, and the horizontal and vertical axes are
shown in the units of cm and dyne · cm−2, respectively.
The bottom panel shows the temporal component of the
vector field At as the function of r/R. In the bottom
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FIG. 1. The typical behavior for the 0 node solutions is
shown for B0 = −0.5. In both the panels, the solid and
dashed curves correspond to the cases of j = 1.0 and j =
2.0, respectively. In the top panel, the red and blue curves
represent the energy density ρ˜c2 and pressure p˜ inside the star,
respectively, and the horizontal and vertical axes are shown
in the units of cm and dyne · cm−2, respectively. The bottom
panel shows the temporal component of the vector field At
as the function of r/R. In the bottom panel, the red points
correspond to the surface of the star.
panel, the red points correspond to the surface of the
star.
In Fig. 2, following Eq. (48), P is shown as the func-
tion of AC for B0 = −0.5. The red, blue-dashed, green-
dotted, and black-dotdashed curves correspond to the
cases of j = 0.5, 1.0, 2.0, 3.0, respectively. All the curves
take P = 0 at AC = 0, which corresponds to the GR
solutions. The curves for j = 0.5, 1.0, 2.0 take the pos-
itive values for the smaller AC , and then cross the axis
of P = 0 once, where the 0 node solutions exist. On the
other hand, the curve for j = 3.0 never crosses the axis of
P = 0 except at AC = 0 and hence there exists only the
GR solutions. As j, i.e., p˜C , increases, the root of P = 0
becomes smaller and finally reaches the origin AC = 0.
Thus, above the critical value of j, the 0 node solutions
converge to the GR solutions with AC = 0.
In Fig. 3, the mass-radius diagram is shown for the
0 node solutions. In the top panel, the red, blue-
dashed, and green-dotted curves correspond to the cases
of B0 = −0.3,−0.5,−0.7, respectively, while the black
curve correspnds to the GR solutions. The bottom panel
focuses on the case of B0 = −0.5. In the bottom panel,
the black-dashed curve represents the range of the branch
90.2 0.4 0  0.8 1.0
AC
-0.3
-0.2
-0.1
P
FIG. 2. P is shown as the function of AC for B0 = 0.5. The
red, blue-dashed, green-dotted, and black-dotdashed curves
correspond to the cases of j = 0.5, 1.0, 2.0, 3.0, respectively.
of the GR solutions for which the branch of the 0 node
solutions coexists. The radius and mass are measured in
the units of km and the Solar mass M⊙ = 1.988× 1033g,
respectively. As j, i.e., p˜C , decreases, both the mass and
radius increase. On the other hand, as j increases, the
branch of the nontrivial vector field solutions finally con-
verges to that of the GR solutions.
For j = O(1.0), the 0 node solutions exist only for
B0 = O(−0.1). The similar behavior was also observed
in the generalized Proca theories [18]. In our model, as
suggested in Sec. II B, the 0 node solutions arise from
the selected choice of the initial conditions rather than
the instability of the GR solutions, as the hyperbolicity
of the perturbations would be broken on the GR stellar
backgrounds.
B. The 1 node solutions
Next, we focus on the 1 node solutions. In Fig. 4,
the typical behavior for the 1 node solutions is shown for
B0 = −5.0. In both the panels, the solid and dashed
curves correspond to the cases of j = 1.0 and j = 2.0,
respectively. In the top panel, the red and blue curves
represent the energy density ρ˜c2 and pressure p˜ inside the
star, respectively, and the horizontal and vertical axes are
shown in the units of cm and dyne · cm−2, respectively.
The bottom panel shows the temporal component of the
vector field At as the function of r/R. In the bottom
panel, the red points correspond to the surface of the
star.
In Fig. 5, P is shown as the function of AC for B0 =
−5.0. The red-dashed, blue-dotted, green-dotdashed,
and black curves correspond to correspond to the cases
of j = 0.3, 1.0, 2.0, 3.0, respectively. For the smaller j,
i.e., p˜C , as shown by the red curve, there is no root satis-
fying P = 0, which corresponds to the 1 node solutions.
For the larger j, i.e., p˜C , as shown by the blue and green
curves, two roots of P = 0 appear at the finite AC . As
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FIG. 3. The mass-radius diagram is shown for the 0
node solutions. In the top panel, the red, blue-dashed,
and green-dotted curves correspond to the cases of B0 =
−0.3,−0.5,−0.7, respectively, while the black curve corresp-
nds to the GR solutions. The bottom panel focuses on the
case of B0 = −0.5. In the bottom panel, the black-dashed
curve represents the range of the branch of the GR solutions
for which the branch of the 0 node solutions coexists. The ra-
dius and mass are measured in the units of km and the Solar
mass M⊙, respectively.
j further increases, the smaller root approaches 0 and fi-
nally converges to the GR solutions AC = P = 0, while
the larger root keeps increasing. For the sufficient large
j, only the larger root exists. As in Ref. [18], we focus
on the smaller root and show the mass-radius diagram.
In Fig. 6, the top panel shows the mass-radius dia-
gram for the 1 node solutions. The red, blue-dashed,
and green-dotted curves correspond to the cases of B0 =
−5.0,−6.0,−7.0, while the black curve correspnds to the
GR solutions. The bottom panel shows the solution for
B0 = −5.0. In the bottom panel, the black-dashed curve
represents the range of the branch of the GR solutions for
which the branch of the 1 node solutions coexists. The
radius and mass are measured in the units of km and
the Solar mass M⊙, respectively. In the bottom panel,
for the smaller values of j, i.e., smaller p˜C , the solu-
tion is described by the GR solution with the polytrope
equation of state, and across the critical central pressure
j ≈ 0.785, it suddenly jumps to the nontrivial 1 node
solutions described by the red curve. As j further in-
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FIG. 4. The typical behavior for the 1 node solutions is
shown for B0 = −5.0. In both the panels, the solid and
dashed curves correspond to the cases of j = 1.0 and j =
2.0, respectively. In the top panel, the red and blue curves
represent the energy density ρ˜c2 and pressure p˜ inside the star,
respectively, and the horizontal and vertical axes are shown
in the units of cm and dyne · cm−2, respectively. The bottom
panel shows the temporal component of the vector field At
as the function of r/R. In the bottom panel, the red points
correspond to the surface of the star.
creases, the radius increases but the mass decreases, and
the branch of the 1 node solutions finally converges to
that of the GR solutions at j ≈ 2.63.
For j = O(1.0), we observe that the 1 node solutions
exist for B0 = O(−1.0). The behavior of the 1 node
solutions is also similar to what was observed in Ref. [18].
As seen in Fig. 6, in the low density regimes the branch of
the 1 node solutions is disconnected to the branch of the
GR solutions. This indicates that the 1 node solutions
may also be formed from the selected choice of the initial
conditions. Although we have not employed the more
realistic equations of state, we expect that the essential
results are insensitive to the choice of the equations of
state.
VI. THE CASE OF THE PURE CONFORMAL
COUPLING
We then consider the model with the pure conformal
coupling given by
C(X) = 1 + C1X, B(X) = 0, (69)
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FIG. 5. P is shown as the function of AC for the 0 node
solutions. The red-dashed, blue-dotted, green-dotdashed, and
black curves correspond to the cases of j = 0.5, 1.0, 2.0, 3.0,
respectively.
where C1 is the constant. The relation of the mass and
radius of the star in both the frames is given by Eqs.
(44) and (45), respectively. We then focus on the solu-
tions satisfying the boundary condition P = 0. As we
have seen in Sec. II B, these solutions may be formed
as the consequence of the tachyonic instability of the GR
solution. In this section, we focus only on the 0 node solu-
tions, as they can be obtained for C1 = O(−1.0), which is
the value suggested from the analysis of the weak gravity
limit in Sec IV. While the model with the massive vector
field m 6= 0 was analyzed in Ref. [14], we will focus on
the model of the massless vector field m = 0. To our
knowledge, there has been no quantitative study even in
the massless case m = 0 yet.
In Fig. 7, the typical behavior for the 0 node solutions
is shown for C1 = −1.0. In both the panels, the solid
and dashed curves correspond to the cases of j = 1.0 and
j = 2.0, respectively. In the top panel, the red and blue
curves represent the energy density ρ˜c2 and pressure p˜
inside the star, respectively, and the horizontal and ver-
tical axes are shown in the units of cm and dyne · cm−2,
respectively. The bottom panel shows the temporal com-
ponent of the vector field At as the function of r/R. In
the bottom panel, the red points correspond to the sur-
face of the star.
In Fig. 8, following Eq. (48), P is shown as the func-
tion of AC for C1 = −1.0 (the top panel) and C1 = −2.0
(the bottom panel). In the top panel, the black, red-
dashed, blue-dotted, and green-dotdashed curves corre-
spond to the cases of j = 0.5, 1.0, 1.5, 2.0, respectively.
In the bottom panel, the black, red-dashed, blue-dotted,
and green-dotdashed curves correspond to the cases of
j = 0.01, 0.05, 0.1, 0.5, respectively. In both the pan-
els, all curves take P = 0 at AC = 0, which corre-
spond to the GR solutions. For C1 = −1.0, the curves of
j = 1.0, 1.5, 2.0 cross the axis of P = 0 at AC 6= 0 which
corresponds to the nontrivial 0 node solutions, while the
curve of j = 0.5 has no root other than AC = 0. As j,
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FIG. 6. The top panel shows the mass-radius diagram for
the 1 node solutions. The red, blue-dashed, and green-dotted
curves correspond to the cases of B0 = −5.0,−6.0,−7.0, while
the black curve correspnds to the GR solutions. The bottom
panel shows the solution for B0 = −5.0. In the bottom panel,
the black-dashed curve represents the range of the branch of
the GR solutions for which the branch of the 1 node solutions
coexists. The radius and mass are measured in the units of
km and the Solar mass M⊙, respectively.
i.e., p˜C , increases, the root of AC 6= 0 increases, then de-
creases and finally converges to the GR solutions AC = 0.
Thus, the nontrivial 0 node solutions exist in the inter-
mediate range of p˜C , and in the low and high density
regimes they converge to the GR solutions.
On the other hand, for C1 = −2.0, the curve of j = 0.5
crosses the axis of P = 0 once at AC = O(1.0). The
curves for j = 0.01, 0.05, 0.1 cross the axis of P = 0
twice. The smaller root exists only for j < O(0.1), and
at the certain j converges to the branch of the GR solu-
tions. The larger root keep increasing for the increasing
j. Thus, the behavior for C1 = −2.0 is qualitatively dif-
ferent from the cases of |C1| & O(2.0), and especially the
low density regimes the 0-node solutions are not smoothly
connected to the GR solutions.
In Fig. 9, the mass-radius diagram for the 0 node solu-
tions is shown. The red, blue-dashed, green-dotted, and
purple-dotdashed curves correspond to the cases of the
0-node solutions for C1 = −1.0,−1.2,−1.5,−2.0, respec-
tively, while the black curve correspnds to the case of the
GR solutions. The radius and mass are measured in the
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FIG. 7. The typical behavior for the 0 node solutions is
shown for C1 = −1.0. In both the panels, the solid and
dashed curves correspond to the cases of j = 1.0 and j =
2.0, respectively. In the top panel, the red and blue curves
represent the energy density ρ˜c2 and pressure p˜ inside the star,
respectively, and the horizontal and vertical axes are shown
in the units of cm and dyne · cm−2, respectively. The bottom
panel shows the temporal component of the vector field At
as the function of r/R. In the bottom panel, the red points
correspond to the surface of the star.
units of km and the Solar mass M⊙, respectively. For
C1 = −1.0,−1.2,−1.5, the branch of 0 node solutions is
connected to the branch of the GR solutions. Thus, as in
the case of spontaneous scalarization, in the mass-radius
diagram, the branch of the 0 node solutions bifurcates
from the branch of the GR solutions in the low density
regimes. After the significant deviations from the branch
of the GR solutions, they finally merge to the GR solu-
tions in the high density regimes. For the same radius
of the star, the mass of the star for 0 node solutions be-
comes smaller than that for the GR solutions. On the
other hand, for C1 = −2.0 the branch of the 0-node solu-
tions is disconnected to the branch of the GR solutions in
the low density regime, while it marges to the branch of
the GR solutions in the high density regimes. For such a
case, spontaneous vectorization would not happen in the
same manner as spontaneous scalarization. We note that
our study is the first one which shows the mass-radius di-
agram for the vectorized relativistic stars in the case of
the massless vector-tensor theories.
In Fig. 10, the dimensionless ratio Q/M is shown as
the function of the mass M . The black and red-dashed
curves correspond to the cases of C1 = −1.0,−1.2, re-
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FIG. 8. P is shown as the function of AC for C1 =
−1.0 (the top panel) and C1 = −2.0 (the bottom panel).
In the top panel, the black, red-dashed, blue-dotted, and
green-dotdashed curves correspond to the cases of j =
0.5, 1.0, 1.5, 2.0, respectively. In the bottom panel, the black,
red-dashed, blue-dotted, and green-dotdashed curves corre-
spond to the cases of j = 0.01, 0.05, 0.1, 0.5, respectively.
spectively. The mass is measured in the units of the
Solar mass M⊙. Since vectorized solutions with two dif-
ferent masses can share the same radius, in some range
of the mass the dimensionless ratio Q/M also becomes
the multivalued function of M . The dimensionless ratio
Q/M exceeds unity around its maximal value and ap-
proaches zero at the both endpoints, as the vectorized
branch approaches the GR branch in the low and high
density regimes. The maximal value of Q/M also in-
creases as |C1| increases.
Although we have focused on the simplest model (69),
we expect that spontaneous vectorization would still take
place for the more general couplings (12) with C1 < 0 and
Cn 6= 0 (n = 2, 3, · · · ). While the behavior in the vicin-
ity of the bifurcation points from the branch of the GR
solutions in the low and high density regimes in the mass-
radius diagram would remain the same, the behavior in
the intermediate density regime would depend crucially
on the choice of the coupling function C(X). The case
of the other coupling function C(X) and the inclusion of
the nonzero bare mass of the vector field m 6= 0 will be
left for the future work.
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FIG. 9. The mass-radius diagram for the 0 node solu-
tions is shown. The red, blue-dashed, green-dotted, and
purple-dotdashed curves correspond to the cases of C1 =
−1.0,−1.2,−1.5,−2.0, respectively, while the black curve cor-
respnds to the GR solutions. The radius and mass are mea-
sured in the units of km and the Solar mass M⊙, respectively.
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FIG. 10. The dimensionless ratio Q/M is shown as the
function of the mass. The black and red-dashed curves cor-
respond to the cases of C1 = −1.0,−1.2, respectively. The
mass is measured in the units of the Solar mass M⊙.
VII. THE CASE OF THE COMBINED
CONFORMAL AND DISFORMAL COUPLINGS
Before closing this paper, we briefly discuss the case
of the combined effects of the conformal and disformal
couplings on the nontrivial solutions. For simplicity, we
consider the minimal extension of the models considered
in Secs. V and VI,
C(X) = 1 + C1X, B(X) = B0, (70)
For a fixed nonzero value of C1 = O(−1.0) where we have
obtained the vecotorized solutions with 0 nodes for B0 =
0 in Sec. VI, we will see how adding the nonzero value of
B0 modifies the structure of the nontrivial solutions and
the existence of the solutions.
In Fig, 11, P is shown as the function of AC for
C1 = −1.0 and j = 1.5. In the top panel, the black,
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red-dashed, blue-dotted, and green-dotdashed curves cor-
respond to the cases of B0 = 0,−0.1,−0.15,−0.2, respec-
tively. In the bottom panel, the black, red-dashed, blue-
dotted, and green-dotdashed curves correspond to the
cases of B0 = −0.3,−1.0,−1.5,−2.0, respectively. For
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FIG. 11. P is shown as the function of AC for C1 = −1.0 and
j = 1.5. In the top panel, the black, red-dashed, blue-dotted,
and green-dotdashed curves correspond to the cases of B0 =
0,−0.1,−0.15,−0.2, respectively. In the bottom panel, the
black, red-dashed, blue-dotted, and green-dotdashed curves
correspond to the cases of B0 = −0.3,−1.0,−1.5,−2.0, re-
spectively.
B0 = −0.1, the solution of P = 0 corresponds to the
solution with 0 nodes as for B0 = 0. For B0 = −0.15,
there is no solution of P = 0. For B0 = −0.2 and −0.3,
there are the 0-node solutions, but as seen in Fig. 12, the
profile of the vector field possesses a spike insde the star.
The solution of P = 0 for B0 = −1.0 corresponds to a
1-node solution with a single spike inside the star. For
these spiky solutions, as in the top panel of Fig. 12, both
the energy density and pressure increase in the vicinity
of the center of the star.
Thus, adding the disformal coupling to to the pure
conformal coupling makes the properties of the nontrivial
solutions more unphysical than in the case of the pure
conformal coupling. In other words, the model with the
pure conformal coupling would be the most competitive
one for spontaneous vectorization.
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FIG. 12. The 0 node solution is shown for C1 = −1.0, B0 =
−0.3, and j = 1.5. In the top panel, the red and blue-dashed
curves represent the energy density ρ˜c2 and pressure p˜ inside
the star, respectively, and the horizontal and vertical axes are
shown in the units of cm and dyne · cm−2, respectively. The
bottom panel shows the temporal component of the vector
field At as the function of r/R. In the bottom panel, the red
point corresponds to the surface of the star.
VIII. CONCLUSIONS
In this paper, we have examined the possibility of spon-
taneous vectorization in the vector-tensor theories with
the vector conformal and disformal couplings to matter
given by the action Eq. (2) with (3). In each class of the
couplings, we have constructed the static and spherically
symmetric solutions of the relativistic stars with the non-
trivial profile of the vector field satisfying the boundary
conditions at the spatial infinity, Aµ(r → ∞) = 0. We
have worked from the viewpoint of the Einstein frame,
and note that the gravitational action (2) rewritten in
terms of the Jordan frame metric belongs to a class of
the beyond-generalized Proca theories.
First, we have considered the general couplings which
allow the general relativistic (GR) solutions. After vary-
ing the action, we have derived the covariant equations
of motion. Then, applying to the static and spheri-
cally symmetric spacetime, we have derived the modi-
fied Tolman-Oppenheimer-Volkoff equations. The radial
component of the vector field equation forces us to set
the radial component of the vector field to zero, Ar = 0.
In the case that the bare mass of the vector field is zero,
the exterior solution is given by the Reissner-Nordstro¨m
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solution. The external solution is matched to the inter-
nal solution constructed by solving the modified Tolman-
Oppenheimer-Volkoff equations from the center to the
surface of the star under the regularity boundary con-
ditions at the center of the star. The matching at the
surface of the star determines the mass and the vector
field charge of the star.
After deriving the covariant equations of motion, we
have investigated the linear perturbations about the
static and spherically symmetric GR solutions. Focus-
ing on the radial perturbations, we have found that the
vector conformal and disformal couplings cause different
kinds of instability. In the case of the pure conformal
coupling, we have shown that the GR solutions suffer
from the tachyonic instability, indicating that the GR
solutions would spontaneously evolve to the nontrivial
solutions with the nonzero value of the vector field.
On the other hand, in the case of the pure vector dis-
formal coupling, we argued that the GR solutions suf-
fer from the ghost or gradient instability, indicating the
breakdown of the hyperbolicity on the GR stellar back-
grounds. Thus, we have expected that the pure disformal
coupling would not cause spontaneous vectorization in
the same manner as spontaneous scalarization, and the
stellar solutions with the nontrivial profile of the vector
field may be formed from the selected class of the initial
conditions.
Second, we have focused on the simplest model with
the pure disformal coupling (67). We have constructed
the static and spherically symmetric solutions with the
asymptotic value P = 0. The properties of the stellar
solutions are similar to those in the generalized Proca
theories [18]. The 0 node solutions exist for the coupling
parameter ofO(−0.1), while the 1 node solutions exist for
the coupling parameter of O(−1.0). As expected, in the
mass-radius diagram the branch of the 0 node solutions
is disconnected to that of the GR solutions in the low
density regimes.
On the other hand, we have also studied the simplest
model with the pure conformal coupling (69). We have
argued that the 0 node solutions are formed sponta-
neously via the continuous evolution from the GR so-
lutions. For the smaller absolute value of the conformal
coupling parameter, we have found that the branch of the
0 node solutions is connected to that of the GR solutions
in the low density regimes, and hence these 0 node so-
lutions may be the vectorized solutions arising from the
tachyonic instability of the GR solutions. The mass of
the 0 solutions is always smaller than that of the GR so-
lutions. On the other hand, for the larger absolute value
of the coupling parameter, the branch of the 0 node so-
lutions is disconnected to that of the GR solutions in the
low density regimes, and hence the 0 node solutions may
be formed from the selected choice of the initial condi-
tions.
We have also seen the behavior of the nontrivial solu-
tion in the presence of both the conformal and disformal
couplings. Although we could obtain the nontrivial vec-
tor field solutions satisfying P = 0 in this model, adding
the disformal coupling to the pure conformal coupling
model has made the properties of the stars more unphys-
ical than in the case of the pure conformal coupling, as
a spiky feature appears in the profile of the vector field
and both the energy density and pressure increase in the
vicinity of the center of the star.
While in the present work we have focused on the sim-
plest cases of the pure vector conformal and disformal
couplings with the polytrope equation of state, the anal-
ysis of the more general models with the more realistic
equations of state will be left for the future studies. We
will also leave the analysis of the time evolution toward
the nontrivial solutions of the vector field for the future
work. Clarifying these points will make the difference of
the properties of spontaneous vectorization from those of
spontaneous scalarization more evident.
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Appendix A: Some useful formulae
The inverse and determinant of thd metric (3) are
given by
g˜µν =
1
C
[
gµν − B
1 +BX
AµAν
]
,
g˜ = C4g (1 +BX) . (A1)
The nonzero components of the metric in the Jordan
frame in the static and spherically symmetric system are
given by
g˜tt = C(−eν +BA2t ), g˜tr = BCAtAr,
g˜rr = C(e
λ +BA2r), g˜ab = Cr
2γab. (A2)
The components of the matter energy-momentum tensor
in the Einstein frame in the static and spherically sym-
metric system are given by
T tt = − C
2
√
1 +BX
{(
1 + e−λBA2r
)
ρ˜+ e−νA2t
[
BX
(
e−ν ρ˜A2t + e
−λp˜rA
2
r
)
+
CX
C
(1 +BX) (−ρ˜+ p˜r + 2p˜t)
]}
,
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T tr = −C
2e−νAtAr√
1 +BX
{
Bρ˜+BX
(
e−ν ρ˜A2t + e
−λp˜rA
2
r
)
+
CX
C
(1 +BX) (−ρ˜+ p˜r + 2p˜t)
}
,
T rt =
C2e−λArAt√
1 +BX
{
−Bp˜r +BX
(
e−ν ρ˜A2t + e
−λp˜rA
2
r
)
+
CX
C
(1 +BX) (−ρ˜+ p˜r + 2p˜t)
}
,
T rr =
C2√
1 +BX
{(
1− e−νBA2t
)
p˜r + e
−λA2r
[
BX
(
e−ν ρ˜A2t + e
−λp˜rA
2
r
)
+
CX
C
(1 +BX) (−ρ˜+ p˜r + 2p˜t)
]}
,
T ab =
√
1 + BXC2p˜tδ
a
b. (A3)
When Ar = 0, it reduces to the perfect fluid form as
ρ := −T tt = C
2
√
1 +BX
×
[
ρ˜
(
1 +BXX
2
)− CXX
C
(1 +BX) (−ρ˜+ p˜r + 2p˜t)
]
,
pr := T
r
r = C
2
√
1 +BXp˜r,
pt :=
1
2
T aa = C
2
√
1 +BXp˜t. (A4)
The coefficients in the approximated solutions in the
vicinity of the center of the star Eq. (40) are given by
µ3 =
1
24
√
1 +BX0
{
−m2X0
√
1 +BX0 + 4ρ˜0κ
2C2
(
1 +X20BX
)
+ 4κ2CCXX0(ρ˜0 − 3p˜0)(1 +BX0)
}
,
ν2 =
1
6
√
1 +BX0
{
−m2X0
√
1 +BX0 + κ
2C2
(
ρ˜0 + 3p˜0 + 3p˜0BX0 + ρ˜0BXX
2
0
)
+ κ2CCXX0(ρ˜0 − 3p˜0)(1 + BX0)
}
,
a2
AC
=
m2
6
+
κ2C2
3
√
1 +BX0
[ρ˜0C (B +BXX0) + (ρ˜0 − 3p˜0)CX (1 +BX0)] ,
p˜2 =
X0BX
2(1 +BX0)
[
2e−ν0/2a2(ρ˜0 + p˜0)
√
−X0 + ν2(p˜0 − ρ˜0)X0
]
+
CX
2C
[
2e−ν0/2a2(ρ˜0 + p˜0)
√
−X0 + ν2(7p˜0 − ρ˜0)X0
]
− ρ˜0 + p˜0
2(1 +BX0)
(
ν2 − 2e−ν0/2a2B
√
−X0
)
. (A5)
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